The Weibel instability is thought to be important for particle acceleration and generation of magnetic fields in relativistic shocks. However, the magnetic field produced by the Weibel instability cannot occupy large regions because of the rapid decay. Nonlinear evolution of the Weibel instability has been investigated in uniform plasmas or shocks propagating into uniform plasmas so far. In order to study nonlinear evolution of the Weibel instability in inhomogeneous background plasmas, we perform two-dimensional particle-in-cell simulations. We find that spatially anisotropic density structures produce anisotropic velocity distributions, so that the magnetic field fluctuations are excited by the Weibel instability. Relativistic shocks propagating into inhomogeneous plasmas are expected to produce such anisotropic density structures in the downstream region. Therefore, magnetic fields generated by the Weibel instability could occupy regions larger than previously thought. If so, the maximum energy of accelerated particles would become larger than previously thought.
Introduction
In the high-energy astrophysical phenomena such as a pulsar wind nebulae, jets from active galactic nuclei and gamma-ray bursts (GRBs), a relativistic supersonic outflow is generated. The bulk kinetic energy of the flow is dissipated by a relativistic collisionless shock. For unmagnetized relativistic shocks, the Weibel instability [1] has a crucial role in the shock dissipation and particle acceleration [2, 3] . According to observations of GRBs, magnetic fields are though to be strongly amplified in a large emission region of GRB [4] , although some observations suggest no amplification of magnetic fields in GRB [5] . The Weibel instability occurs in plasmas with anisotropic velocity distributions and amplifies magnetic field fluctuations. In fact, particle-in-cell (PIC) simulations showed the magnetic field amplification by the Weibel instability in the shock transition region. However, PIC simulation showed that the magnetic field produced by the Weibel instability cannot occupy large regions because of the rapid decay.
The Weibel instability has been investigated in uniform plasmas or shocks propagating in uniform plasmas. However, there must be density fluctuations in realistic situations. In this study, we investigate the nonlinear evolution of the Weibel instability in an inhomogeneous plasma by using two-dimensional PIC simulations. Especially, we consider an anisotropic density distribution as inhomogeneity, which is expected in the downstream region of relativistic shocks.
Simulation setup
We use the two dimensional electromagnetic PIC code, pCANS [6] , in order to study the nonlinear evolution of the Weibel instability in an inhomogeneous plasma. We set a two-dimensional simulation box in the xy plane with the periodic boundary condition in both directions. The simulation box size is L x = L y = 120 c/ω p where ω p and c are the plasma frequency defined by the total number density of electron-positron plasmas and the speed of light, respectively. The cell size and time step are ∆x = ∆y = 0.1 c/ω p and ∆t = 0.05 ω −1 p , respectively. Initially, we prepare two counter-streaming unmagnetized electron-positron plasmas with the drift velocities, v d = ±0.5 c, where the counter-streaming direction is the x direction. Each electron-positron plasma has the same density and thermal velocity, v th = 0.1 c.
For a spatial distribution of the electron-positron plasma, we consider two cases in this study:
One is the homogeneous distribution and the other is the inhomogeneous and spatially anisotropic distribution.
Simulation results
In Fig. 1 , we show the time evolution of the mean energy density of magnetic fields in the simulation box. The black and red curves show the energy density for the homogeneous and inhomogeneous distributions, respectively. For the homogeneous distribution (black curve), initially,
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Weibel instability in anisotropically inhomogeneous plasmas S. Tomita the magnetic field grows exponentially as predicted by the linear analysis of the Weibel instability.
After the saturation at t ≈ 13 ω −1 p , the magnetic field simply decays. On the other hand, for the inhomogeneous distribution (red curve), after the first saturation at t ≈ 13 ω −1 p , the magnetic field starts to grow again from t ≈ 60 ω −1 p . After the second saturation at t ≈ 120 ω −1 p , the magnetic field decays slowly. Therefore, interestingly, the magnetic field is amplified for longer time in the inhomogeneous distribution even though the total kinetic energy is the same as that of the homogeneous distribution. The origin of the second growth of the magnetic field is discussed in the next section. 
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In Fig. 2 , we show spatial distributions of the energy density of magnetic fields at the time of the first (left panel) and second (right panel) saturations for the inhomogeneous distribution. At the time of the first saturation (left panel), t = 13 ω −1 p , magnetic fields are strongly amplified in the high density region (y ≈ 30 c/ω p ) compered with the low density region (y ≈ 90 c/ω p ). This is because the growth rate of the Weibel instability is given by γ ∝ ω p and increases with the density. As time goes on, magnetic fields grow in the low density region, but the amplitude of the magnetic field fluctuation is smaller than that in the high density region because the initial kinetic energy density is small in the low density region. Around the time of the first saturation, the typical length scale of the magnetic field fluctuation is about the skin depth, c/ω p . At the time of the second saturation (right panel), t = 120 ω −1 p , magnetic fields are amplified in the high density region and the length scale of the magnetic field fluctuation becomes about 20 c/ω p . In order to see the evolution of the length scale more clearly, in Fig. 3 , we show the Fourier power spectrum of the z-component of magnetic fields, B z . The Fourier power spectra of B z at t = 13 ω −1 p (first saturation) and t = 120 ω −1 p (second saturation) are shown in the left and right panels of Fig. 3 , respectively. As predicted by the linear analysis, magnetic field fluctuations are excited in the region, k x 1 ω p /c and k y 1 ω p /c at t = 13 ω −1 p . On the other hand, the peak is located around (k x , k y ) = (0, 0.3 ω p /c) at t = 120 ω −1 p . Therefor, we confirm that magnetic field fluctuations with larger length scale are excited by the second growth.
Origin of the second growth of magnetic fields
In Fig. 1 , we have shown that magnetic field fluctuations start to grow after the saturation of the first Weibel instability. In this section, we discuss the origin of the second growth of magnetic field fluctuations. In this simulation, there is initially no magnetic field, so that the second growth of magnetic field is also expected to be due to the Weibel instability. To confirm that, in Fig. 4 , we show the velocity distribution in the high density region where magnetic fields grow after the saturation of the first Weibel instability, 20 c/ω p ≤ y ≤ 40 c/ω p , at t = 100 ω −1 p . One can see the
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Weibel instability in anisotropically inhomogeneous plasmas S. Tomita anisotropic velocity distribution in Fig. 4 . The velocity dispersion in the x-direction is larger than that in the y-direction and the temperature anisotropy is A = T x,z /T y − 1 ≈ 0.2. According to the linear analysis [1] , the dispersion relation for the anisotropic temperature plasma is given by
where v th,y and Z are the velocity dispersion in the y-direction and the plasma dispersion function, respectively, and the wave vector is assumed to be k = k y e y . For a small anisotropy (A 1), the maximum growth rate is given by [7] γ max = 4 27π
For A ≈ 0.2 and v th,y ≈ c, the mode with k y ≈ 0.26 ω p /c has the maximum growth rate, γ max ≈ 1.6 × 10 −2 ω p , which are consistent with our simulation results. The temperature anisotropy originates from the anisotropic density structure. After the first saturation of the Weibel instability, the velocity dispersion of plasma becomes large (v th ≈ c for this simulation) and high velocity particles start to escape from the high density region to the low density region. For the density structure that we use in this study, particles with a large v y escape from the high density region. As a result, the temperature in the y-direction becomes smaller than that in the x and z-direction.
Weibel instability in anisotropically inhomogeneous plasmas S. Tomita Therefore, we conclude that the second growth of magnetic fields is due to the Weibel instability and the temperature anisotropy after the first saturation is produced by the anisotropic density structures.
Discussion
In sections 3 and 4, we showed that anisotropic density structures in collisionless plasmas produce anisotropic velocity distributions and amplify magnetic fields by the Weibel instability. Such a situation can be expected in the downstream region of relativistic shocks because upstream isotropic density structures are compressed very anisotropically in the shock downstream region. Therefore, thanks to this mechanism, the magnetic field produced by the Weibel instability could occupy large downstream regions of relativistic collisionless shocks propagating into inhomogeneous plasmas. If so, the second Weibel instability that we observed in this study could be important for radiation from GRBs [2] , particles accelerations in the Weibel mediated shocks [3] and generation of magnetic fields [8, 9, 10] . Furthermore, the Weibel instability is expected to have an important role even for nonrelativistic shocks [11, 12] and shocks produced in leaser experiments [13, 14] .
